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N3yvaeTcs HenmuHEHHOE ypaBHEHHE B YaCTHBIX IIPOM3BOJIHBIX YETBEPTOTO TOPSI/IKA.
[TpaBast yacTh ypaBHEHHsI COAEPKUT MHOTOMEpHBIE aHAJIOTH ypaBHEHHUs! byccuHe-
CKa, BEIpaykaeMble uepe3 IByKpaTHbIe onepaTopsl Jlammaca u KBagpaTsl rpaiueHTOB
NCKOMBIX (yHKIMH. C ITOMOMIIBIO CIIEIHMATBbHON KOHCTPYKIMH TOYHOTO PEIICHHS
HCXOJIHOE YpaBHEHHE B YaCTHBIX MPOU3BOIHBIX PEAYLHUPYETCS K CHCTEME OOBIKHO-
BeHHBIX JHpdepeHnnanbHbIX ypaBHeHUH. [IpuBeneHs! HpHMEpHI MOCTPOCHHBIX
TOYHBIX PEUICHUI ypaBHEHHs THIIa byccnHecka, B TOM 4Mciie BBIpa)kacMbIe depe3
amnTraeckre GpyHkuun Beliepmrpacca n SIkobu 1o BpeMeHH W aHM30TPOIHBIC
[0 TIPOCTPAHCTBEHHBIM II€pEeMEHHBIM. HaiijieHHble TOYHBIE pEIIeHHS HMEIOT He
TOJIBKO TEOPETUYECKOE, HO Y NMPHUKIIAJAHOE 3HAUCHHUE, ITOCKOJIBKY UX MOXXHO HCIIONb-
30BaTh VISl TECTUPOBAHUS, HACTPOMKU M BepU(UKALMN YHCICHHBIX METOIOB M JIro-
PUTMOB TIOCTPOCHUWSI TIPHUOJIWDKEHHBIX PEIICHMH KpaeBbIX 3a/1ad Ul HETHMHEWHBIX
YpaBHEHHH B YacTHBIX NPOM3BOAHBIX YETBEPTOrO IOPSJIKA, MOJAECIHMPYIOMIMX THAPO-
JIMHAMHYECKHE MPOLIECCHI U SIBJICHHUSI.

Kniouesvie crosa: cucrema 0OBIKHOBEHHBIX () (hepeHINaIbHBIX YpaBHEHHUH; orepa-
top Jlamnaca; HennHeliHOe ypaBHeHHUe THNA byccrHecKa; peyKIust; TOYHbIE perie-
HUSL

' PaGoTa BBHINONHEHA NPH YACTHUHOM (pHHAHCOBOI motepikke PODU (mpoekt Ne 19-
08-00746).
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Beenenue

Hexoropsle 3amaun ruapoJMHAMUKA ¥ MEXaHUKHM CBOAATCS K HETMHEHHOMY
ypaBHeHuto byccunecka [1; 2; 3]

u, =0 (Bu,, +uu’ + eu).

B ruapoayHamuke 3T0 ypaBHEHHE ONUCHIBAET BOJHBI, KOTOPBIE MOTYT IIepe-
MeIaThes Kak BJIEBO, TaK U BIpaBo. B MexaHuke Kk ypaBHeHHI0 byccunecka npu-
BozuT 3agaua depmu — Ilactel — Ymama [1], korga B TMHAMHUYECKYIO CHCTEMY,
COCTOSIIYIO M3 64 HIEHTUYHBIX YaCTHUI] €AUHUIHOW MacChl, BHOCATCS HENUHEH-
HbIE BO3MYILIEHUS. XOPOIIO U3BEeCTHO [1] ero peieHue B BUAC YSIUHECHHON BOJI-
HBI (COJINTOHA), KOTOPOE UMEET BUJ

2
u(x,t)=— 6pc w=cw18—4ﬂc2,

U cosz(x—a)t+c0)’

rae ¢ # 0, c,— IpOU3BOJIBHBIC IOCTOSHHBIC. MHOrOMEPHBIil aHAJIOr ypaBHCHUS
ByccuHecka MOYKHO 3aIucaTh Kak
2
u, =A(BAu+pu” +eu). (1)
IMesb paboTBI — MOCTPOECHHE TOYHBIX MHOTOMEPHBIX PEIICHUH CIICTYIOIIETO
YPaBHEHUS B YACTHBIX MIPOU3BOIHBIX YETBEPTOTO MOPSIKA

2
u”=A((ku+,B)Au+G|Vu| +pu’ +eu), 2)
KOTOpoe OyaeM Has3bIBaTh 00OOICHHBIM ypaBHEHHEM ByccHHecka, Tak Kak TpH
k =0 =0 u3 Hero monyvaercs oObiuHOe ypaBHeHue Byccuuecka (1). 3aech

A 2
u=u(xX,t),xeR",neN, n>2, u, =——u, A— n-mepHsiii oneparop Jlamna-
ot*
ca; V — oneparop HaOma B3stws TpammeHta; k, f#0,0, u#0,& —

MIPOU3BOJILHBIE TTAPAMETPHI.
Tounsie pemieHus: ypaBHeHHs (2) OyZeM OTHICKUBATh METOZ0M O0OOIIEHHOTO
pasneneHus nepeMeHHbIxX [4; 5]

u(x,t) =y (1) W(x)+ o) 3)
W (x) =%(AX,X)+(B,X)+C, 4

rae y(t), p(t) — HeusBecTHbIC (DYHKIMH BPEMCHH; HEHYIIEBAs YKMCIIOBAs CHUM-

MeTpuueckass Matpuia A pasmepa nx n, MOCTOSHHBIA BekTop B € R” u kou-
cranTa C € R nomiexar onpeneneHuto. 3aech 1 ganee (-, -) — CKaIsIpHOe Ipo-

m3BeneHne B R .
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OtMmeTnM, 9TO KOHCTPYKIMA TUMa (4) paHee YCIEMIHO HCIOIb30BalIach IS
MOCTPOEHHSI TOYHBIX PEUICHUH HEIMHEWHBIX MapaOOJIMuecKuX CHCTEM CO CTe-
TIEHHBIMU HETUHEUHOCTAMU [6; 7] ¥ JUIsl HENMHEHHON CUCTEMBI YpaBHEHUM B ya-
CTHBIX MPOM3BOJHBIX MEepBOro mopsaka [8]. B [9] HaligeHbl TOuHBIE MHOTOMED-
HbIC PEIICHUSI CUCTEM HEIMHEHHBIX ypaBHEHUHN Tuma byccuHecka ¢ TUHEHHBIMU
B3aMOCBSI3SIMU. PelieHnss HeKOTOPBIX HEIMHEHHBIX THIepOONIMYecKuX ypaBHE-
HUH ¢ QYHKIMOHATBHBIM Pa3zieleHneM IepeMEeHHBIX moay4eHs B [10].

1 Pepyknms k cucreme O1Y
ITocne moncranoBku ¢yHkuu (3) B ypaBHeHHE (2) ¢ yIETOM OYEBHIHBIX pa-
BCHCTB

A ((ku+ B) Au+olVal + pu’ +eu) = kfuA (Au) + (Au)’ +2(Vu, VAW) |+
+ BAAuY+o AVU| +2u(Au+Vul) + & Au,

|V W(X)|2 = (AXz,X) +2(4B,x) + |B 2, rne VIV (X) = (tr A) — CcIeJl MaTpHLIbI

A, ¥ HECTIO’KHBIX MPeo0pa30BaHnil NPUXOAUM K PABEHCTBY

(v —2u(tr A) WZ)G(Ax,x)+(B,x)+Cj+<p" - (k(trA)2 +2c7(trA2))1//2 +

+ 20y p(tr A)+ 2 u (A%, %) +2(4B,x) +[B] )y > + £ (tr A) .
O‘leBI/I,Z[HO, 4TO CCJIM YHCIOBad CUMMCTPHUYCCKAass MaTpulla A, HOCTOHHHBIfI

Bektop B € R " u xoncranra C € R ynoBIeTBOPAIOT crcTeMe anrebpandeckux
ypaBHenuii (CAY)
2
A=254>, B=254B, C=5B[, (5)
rae 6 # 0 — KOHCTaHTa pa3fielieHus], TO MOCeJHEE PAaBEHCTBO CBOIUTCS K Clie-
IyIoLel cucreMe OOBIKHOBEHHBIX AnddepeHuansabix ypasHenuit (OY) BTo-
poro nopsika:

y =iy’ (6)
¢ =fOe+gQ) (7
31ech BBeIEHBI 0003HAUEHUS
l=2,u[é+tr/lj, ®)
fO)=2u(rdy, g@)= (k (tr4)’ + 2G(trA2))z//2 te(trdy.  (9)

Otmerum, uto CAY Buaa (5) panee Oblia monydeHa W uccienoBaHa B [6; §).
[ToaTomy B 3TO# paboTe MBI PUBEAEM TOJIBKO mpuMep QyHKIHH (4), Ko3dduuu-
SHTBI KOTOPOH ynoBieTBopsitoT CAY (5).
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Ipumep 1. B TpexmepHOM citydae n =3 I IOCTPOEHUS] aHU30TPOIHBIX MO
MPOCTPAHCTBEHHBIM TEPEMEHHBIM TOUHBIX PELICHUH ypaBHEHHS (2) MOXXHO HC-
MOJIB30BaTh, HAIPUMEP, CIEAYIOIHEe QYHKIUH

1
Wl(x,y,z)zﬁ[sz +8y° +52° —4xy—8xz—4yz]+

+lx =20l +1)y+1,z+5(51} +81, 1, +5L), 1
W,(x,y,z) =$[5x2 +5y” +8z2° +8xy+4xz—4yz]+
(11)
+lx+Ly+2(, —1) z+8 (51 —81, 1, +5L3),
Vﬂ(x,y,z)z%[?gxz +5y7 4527 —4xy+4xz+8yz]+
(12)

+2(1, 1) x+L y+1,z+8 (51} =81, 1, +503).
I[J'Iﬂ MOCTPOCHHU paaraIbHO-CUMMCTPUYHBIX peH.IeHI/Iﬁ 6YJ1€M HCII0JIb30BaTh
yHKIIIO
1
W, (x,7,2) =E[(x+25ll)2 F(y+28L) +(z+26L)°)  (13)

3neck 6 #0,/,,i =1, 2,3 — Npou3BOJILHBIE TAPAMETPEI.

2 O To4HBIX pemieHusIX cucTeMbl OY
B cucreme O/1Y (6), (7) HEMMHEHHBIM SIBIISICTCS TONBKO YpaBHEHUE VIS OTIPe-
nenenust yHkimu W (¢). TIo3TOMY OCHOBHOE BHUMAHHUE Y/IEIIUM €0 HHTETPUpPO-

Banuto. Kak mokasano B [10], npu mapamerpe A =6 OJY (6) umeer obiiee pe-
TIICHHE

y()=p+C,), (14)

rie ¢ — Qynkuua Beliepmrpacca ¢ mnHBapuantamu, g, =0, g, =C,, r1e

C,, C, — IpOU3BOJIBHBIE IOCTOSHHBIE.
B obmem ciiyqae OL1Y (6) cBomuTes K cleayroel KBaaparype

v

rae C|, t,— npousBoibHbie noctosgHuble. [Ipu C; =0 nmeeM yacTHOE peleHHe
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6
w(t) = r (t—t, ). JIst 9TOro YacTHOTO pererns u3 hopmys (9) Tmomydnm
F@) = =107, 8(6)=0,(t=19) " +0,(t = 1),
12u(tr A 36 6e(tr4
rae uy = %r), 0, = ?(k(trA)2 +20(trd®), 6,= %r)

s stux hyakuuit f(¢), g(¢) obmee permenue OLY (7) umeer Bun
60, (t—t,)" — 11, (8, + 0, (t —1,)*)
(i =6)(t =1,)’

rae v1=%+%1/4,u1+6, vzz%—% 4u,+6, C,,C, — IpOU3BOIL-

HBIC ITIOCTOSIHHBIC.

o(t)=C,(t—1)" +C,y(1—1)" + . (16)

Ipumep 2. B tpexmepHoM ciydae n = 3 000011eHHOE ypaBHeHUEe Byccune-
cKa (2) “MeeT aHM30TPOIHBIC IO TPOCTPAHCTBEHHBIM IIEPEMEHHBIM TOYHBIC Pe-

wenus  u,(x,y,z,t) =y () W.(x,y,z)+o(t), toe W(x,y,z), i=1,2,3
npuBeieHb! B ipuMepe 1, a pyHKmn W (¢), ¢(¢) UMEIOT BUL

35
w(t)=—(t—t,)",
2p

g
(t=1)" =,
2u
rae v =(1—\/B /12, v =(1+\/E /2, C,,C,,t, — TPOU3BOIBHBIC TOCTO-
1 2 1»Casly

SIHHBIC.

mg:qa—m“+ga—mw+ﬂk¥2

B o6mewm, Berurcis unterpan (15) npu C, # 0, momyuum, 9To 3aBUCUMOCTb
W OT MEPEMEHHON ¢ 3aaeTCsi HEIBHO PAaBEHCTBOM, COJACPKALMM SIUIMITHYE-
CKM{ MHTETpaJ nepBoro poaa. [Ipu aToM npu onpeneneHHbIX 3HAUYEHUSIX OCTO-
AHHOU C, MOXHO MOTYy4YUTh (DYHKIMIO Y/ (f) B SIBHOM BHJE, BBIPAKAIOIIEMCSI CO-
OTHOILICHHEM, COAEPKAIIUM DIUTUNTHYECKIE PYHKINUHN SAKOOH.

3akJrouenne

B crathe momydeHsl SBHBIE BBIPa)KEHHS TOYHBIX MHOTOMEpPHBIX PELIEHUI
ypaBHeHUs Tuna byccuHecka, BbIpayK€HHBIE B 3JIEMEHTAPHBIX M AJIMITHYECKUX
¢ynxumsax Beiiepmrpacca n SlkoOu, KOTOpbIE IMEIOT HE TOJIBKO TEOPETUIECKOe,
HO ¥ TIPUKJIaJIHOE 3HAUEHUE, TOCKOJIBKY X MOYKHO UCIIOJIb30BaTh KaK [l TECTH-
POBaHUs, HACTPOUKU M BepU(HUKALUHA YUCICHHBIX METOJIOB, TaK U ISl AJTOpPHT-
MOB TIOCTPOCHUsI MPHOIIKEHHBIX PEIICHUH KpaeBbIX 3aiad Uil HEeTMHEHHBIX
YpaBHEHUI B YAaCTHBIX MPOU3BOAHBIX YETBEPTOrO MOPSIKAa OONBIION pa3MepHO-
CTH.
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A GENERALIZED BOUSSINESQ-TYPE EQUATION AND ITS EXACT
MULTIDIMENSIONAL SOLUTIONS
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The article studies a nonlinear fourth-order partial differential equation. The right
part of the equation contains multidimensional analogs of Boussinesq equation, ex-
pressed in terms of two-fold Laplace operators and squares of gradients of the re-
quired function. To find the time-dependent components of the original system so-
lution a system of nonlinear ordinary differential equations has been created. This
system is reduced to a single fourth-order equation for which partial solutions are
found. We give the examples of the constructed exact solutions of the initial system
of Boussinesq-type equations, including those expressed in terms of Jacobi and
Weierstrass elliptic functions in time and anisotropic ones in spatial variables. The
exact solutions found have not only theoretical, but also applied value, since they
can be used for testing and verifying numerical methods and algorithms for con-
structing approximate solutions of boundary value problems for fourth-order
nonlinear partial differential equations modeling hydrodynamic processes and phe-
nomena.

Keywords: system of ordinary differential equations; Laplace operator; nonlinear
Boussinesq-type equations; reduction; exact solutions.
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