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Abstract. The Riemann zeta function and his famous conjecture regarding the
property of this function were presented in his 1859 paper, which was concerned
about the distribution of prime numbers. In this article, we will prove some proper-
ties of Riemann zeta function and based on those results we will formulate Theorem.
An exposition is given, partly historical and partly mathematical, of the Riemann
zeta function and the associated Riemann hypothesis. Relevance of these investiga-
tions to the theory of the distribution of prime numbers is discussed.
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Introduction

Georg Friedrich Bernhard Riemann (1826-1866) first enrolled at the Uni-
versity of Goettingen in 1846 to study towards a degree in Theology (his father
Friedrich Bernhard Riemann was a Lutheran minister), but he began study-
ing mathematics under Carl Friedrich Gauss, who recommended Riemann to
switch to the mathematical field. With his father’s approval, he transferred to
the University of Berlin in 1847, and studied under Carl Jacobi (1804-1851),
Peter Gustav Lejeune Dirichlet (1805-1859), Jacob Steiner (1796-1863) and
Gotthold Eisenstein (1823-52) (see [1-4| and the references therein). The
main person who influenced him at that time was Dirichlet. After a two
years’ stay in Berlin, Riemann returned to Goettingen and his Ph.D. thesis
on theory of complex variables supervised by Gauss was submitted in 1851.
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1 The Riemann zeta function and theorems

The Riemann zeta function is an extremely important special function of
mathematics and physics that arises in definite integration and is intimately
related with very deep results surrounding the prime number theorem. While
many of the properties of this function have been investigated, there remain
important fundamental conjectures (most notably the Riemann hypothesis)
that remain unproved to this day. The Riemann zeta function is denoted ((s)
and is plotted above (using two different scales) along the real axis. We make
the correspondence in order to state the following definition:
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Adding both sides of the inequality (1) and (2), we get
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2. Let p(n) be the Mobius function. Then (1)
if n is the product of k prime numbers, and u (n ) =

whole square of any prime number. Since C( = Z
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4. Let r > 1. Since Zl = % we get
n
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where s = a +i8, a=r+1, r > 0. Hence we have

Lemma 1. The following equality holds
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Lemma 2. Let « = 1. Then 1 — 275 = 0.
Proof. Let
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— 1 <1 1 <1
It immediately follows Z (QTL)S = (0 since Z (2n)5 = Tk ~ and
. n=1 n=1 n=1
7 #0.

Finally, we are summarizing the results above found in the following the-
orem.

Theorem 5. Ifa ¢ [0, 1], then ( (s) # 0. (see [1] and the references therein)

Corollary 6. There exists a real number ag = R{s} such that
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Since the series converges for a, > 0, we have
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Adding both sides of the latter two inequality respectively, we get
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Conclusions

We saw that the zeroes of the Riemann zeta function could be divided into
the trivial ones and the non-trivial ones. The Riemann hypothesis says that
they all lie one the line. This conjecture immediately would imply the Rie-
mann hypothesis. One could construct such Hermitian operator by quantizing
a Hamiltonian corresponding to a dynamical system.
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Awnnoramusa. /zera-dynknus Pumana u ero 3HamMeHnTas rurnoresa OTHO-
CUTEJIbHO CBOMCTBA 3TON (DYHKIUMHU ObLIN IIPEJICTaBJIEHBI B €ro crarhe 1859 1.,
B KOTOPO# pedb IIjIa O PACHPEeIeIeHUN MPOCTHIX YuceI. B 9Toit cTaTbe MbI
JOKaXKeM HEKOTOpbIE CBOMCTBa J3erTa-pyHKINM PrmaHa, U Ha OCHOBE 3TUX
pe3yibraToB chopmyupyeMm Teopemy. JlaHO 9acTUTIHO HCTOPUIECKOE U MAaTe-
MaTHYecKoe onrcanne azera-QyHKInn PruMana n CBSI3aHHON ¢ Heil THIIOTE3bI
Pumana. Obcyxaercss aKTyaJbHOCTh ITUX HCCJICIOBAHMI JJIsI TEOPUU PAC-
IIpeiesIeHnsT ITPOCTHIX THCE.

Kuarouessbie cioBa: n3era-dyuknus Pumana, runore3a Yeboiesa, GpyHK-
nuu YebbimreBa, raMMa-QyHKITAA.
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