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Abstract. The third boundary value problem for a multidimensional convec-
tion-diffusion equation with memory effect and non-local (integral) source is inve-
stigated. To solve numerically the multidimensional problem, a locally one-dimen-
sional difference scheme is constructed, the essence of the idea of which is to
reduce the transition from layer to layer to sequential solving of a number of one-
dimensional problems in each of the coordinate directions. Using the method of
energy inequalities for the solution of a locally one-dimensional difference scheme,
an a priori estimate is obtained. The main research method is the method of
energy inequalities. An a priori estimate of the LOS solution is obtained, from
which follow uniqueness, stability, and convergence of the solution of the difference
problem to the solution of the original differential problem at a rate equal to the
approximation error. Numerical experiments were carried out.
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Introduction

In the mathematical modeling of many processes in mechanics, physics,
biology, economics, there are such systems with memory, the behavior of
which depends on the entire «history» of the [1] system and is not entirely
determined by the state at the moment, therefore it is necessary to describe
such systems by integro-differential equations containing the corresponding
integral over the time variable, i.e. when an unknown function is included
in the differential expression and, at the same time, appears under the
integral sign. Partial differential equations with memory are studied in
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[2-5] — when describing the thermomechanical behavior of [2-3] polymers,
viscoelastic fluids at low temperatures [4-5|. Boundary value problems for
parabolic equations with a non-local (integral) source arise when describing
the mass distribution function of drops and ice particles, taking into account
the microphysical processes of condensation, coagulation (combining small
drops into large aggregates), crushing and freezing of drops in convective
clouds [6-9].

From the point of view of numerical implementation, multidimensional
(in terms of spatial variables) problems are considered the most complex.
The difficulty lies in the significant increase in the amount of calculations
that occurs when moving from one-dimensional problems to multidimen-
sional ones. In this regard, the problem of constructing economical difference
schemes that have the ability to sufficiently effectively stabilize solutions
(stability) and require @) arithmetic operations proportional to the number
of grid nodes, so that @ = O (hip), where h = min h;, p is dimension of

1<i<p
space, h; are grid steps in direction z;.

The work is devoted to the construction of a locally one-dimensional
difference scheme for the numerical solution of the third initial-boundary
value problem for a multidimensional differential equation in partial deriva-
tives of parabolic type of general form with memory effect and non-local
linear source, the main idea of which is to reduce the transition from
layer to layer to the sequential solution of a number of one-dimensional
problems in each of the coordinate directions. Moreover, although each
of the intermediate problems may not approximate the original differential
problem, in the aggregate and in special norms such an approximation takes
place. These methods are called splitting methods, which were developed
in the works of Douglas J., Peaceman D.W., Rachford H.H. [10-11], N.N.
Yanenko [12], A.A. Samarsky [13-14], G.I. Marchuk [15], E.G. Dyakonova
[16] and others.

In the works [13-14, 17-24] for the numerical solution of multidimensional
parabolic equations, a LOS was constructed

Thus, in [13], in an arbitrary domain G, a locally one-dimensional scheme
is considered for solving linear and quasilinear parabolic equations. The
stability of the difference scheme with respect to the right-hand side, boun-
dary and initial data is proved, as well as convergence with a rate O(h? +
7). In [14], locally one-dimensional difference schemes are considered on
arbitrary "nonuniform grids"for linear and quasilinear equations of parabolic
type with "heat conductivity coefficient"k, = kq(z,t,u) depending on
the "temperature"u = wu(x,t). These schemes converge on arbitrary non-
uniform grids wy,.

In the work [17] locally-one-dimensional difference schemes for the frac-
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tional diffusion equation in multidimensional domains are considered. Stabi-
lity and convergence of locally one-dimensional schemes for this equation
are proved. In [18] for a fractional diffusion equation with Robin boundary
conditions, locally one-dimensional difference schemes are considered and
their stability and convergence are proved. In the [19] locally one-dimensional
difference scheme for a general parabolic equation in a p—dimensional
parallelepiped is considered. To describe microphysical processes in convective
clouds, non-local (nonlinear) integral sources of a special type are included
in the equation under consideration. An a priori estimate for the solution of

a locally one-dimensional scheme is obtained and its convergence is proved.

In the article [20, 21] discusses the construction and study of parallel
algorithms for solving the multidimensional diffusion—convection problem.
Schemes of a special type are constructed - explicit-implicit difference
schemes with weights, which assume the representation of the original
problem as a chain of two-dimensional and one-dimensional problems.

In the work [22] the analysis of the initial-boundary value problem with a
multidimensional space variable belonging to the Euclidean space R™, (n >
2) for the transport equation of a continuous medium with distributed
parameters on a network-like domain is considered. An algorithm for the
numerical solution of the problem under consideration is proposed.

This work is a continuation of the author’s series of works [23-25| devoted
to the study of local and nonlocal boundary value problems for multidimen-
sional parabolic equations.

1 Problem statement
In a cylinder Q7 = G'x[0 <t < T, the base of which is a p - dimensional
rectangular parallelepiped G = {z = (z1,22,...,7p) : 0 < 24 < lg, 0 =
1,2,...,p} with boundary I', G = G UT, consider the problem

t
gu + /K(m,t,T)u(m,T)dT = Lu+ f(z,t), (x,t) € Qp, (1)
0
ou
ko(z,t)=— = B_qu — pi—o(z,t), o =0, 0<t<T,
al' (2)
—ka(ac,t)aam—z = Bialt — pira(z,t), xo =1, 0<t<T,
u(z,0) = up(z), = € G, (3)
p
where Lu = ) Lau,
a=1
0 0 7
U
Lou = Pen <ka(az,t)axa> + 7oz, t) a—ma — /pa u(z, t)dzey,

0
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0 <co < ka(z,t) < e, [ra(@,t)], koo (2, 0)], |72, (2, 1)],
’K(%‘,t,’l’)‘, ‘p(l‘,t)‘, ‘5:|:a(xat)’ < ¢, (4)
u(w,t) € C*2(Qr), kalw,t) € C*(Qr)),

ra(@,t), K(@,t,7), pa(@t), fla,t) € C?(Qr), 0<7 <1,

cp, C1,Cy are positive constants, « = 1,2,...,p, p+qo(z,t) are continuous
functions.

Further, we will use positive constants M;,7 = 1,2, ..., depending only
on the input data of the problem under consideration

2 Locally one-dimensional scheme
We divide the interval [0,7] into equal parts w, = {t; = j7, j =
0,1,...,jo} with a step 7 = T'/jo. The interval [t;,t;41] is divided into p
equal parts by the following points tj+% =t; + T%, a=1,2,..,p, and we
denote by A, = (tj“‘aTTl’tj“'%]'
For each direction Ox,, we construct a uniform grid with a step hy =
B a=1,2,..p

p
@h =[] Ohe» @ho = {25 = iaha, ia =0,1,.., No}, a =1,2,...,p,

ha:{ hay ia=1,2,...,No — 1,

h .
5 la = 0, Na.

Equation (1) can be rewritten as Y 0 _; £ou =0, £ou = %%7; — Lou — fo,

where fq(z,t), (a = 1,2,...,p) are functions that have the same smoothness
p

as f(x,t) and satisfy the normalization condition Y f, = f.

a=1
On each half-interval A,, a = 1,2, ...,p we will successively solve the

problems

100 -
£oﬂ9(a) = — —Laﬁ(a)—fazo, CUGG, tGAa, ()[:]_’2"“’]9’
p Ot
99,0 (5)
k 8 B 19 — H—a; Ta = 07
N (6)
99,
ko agé : _B-I—a — Htas Ta = la,

wherein
0( )($ O) - ’LL()(I’), ﬂ(l)(x7t]) = ﬂ(p)(x7t])7 .7 = 1727 ~--7j0 - 17
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Vo) (@t 0m1) = Vapy (@t am1), @ =2.3,p, §=0,1,2, 50— 1,

where Lo¥ (o) = La¥ () + 3 fK (z,t, 7)o (, T)dT.

Using the technique of Samarsky A.A. constructing a monotone circuit
[26, p. 401|, we thus obtain for each equation of number o a monotone
scheme of the second order of accuracy in hq, then we rewrite the equation
with a perturbed operator L, for a fixed a:

199w _ 7 )+ fa, tEAG a=1,2 (7)
p at - (3 (a )y )y - ) 7"'7p7

~ 99, 99,
where La¥ (o) = Xa%(ka(x,t) 8$(o¢)) + ro(z, t) Zi —

T
t la
—%f z,t,7)0 (o) (%, T)dT — fpa(x,t)ﬂ(a)dxa,
0 0
Xa = m, R, = M is the difference Reynolds number, z(~9-5%) =
(T1, ey Tam1, Ta — O5ha,xa+1,...,;rp),

= (21,72, ..., 2p), T =05(rq+|ral) >0, vy, =0.5(rq —|ra]) <0,

+ —
b;—’l; by = 1, Ta =78 475, a0 = ko (2709,7)

Ta =Ta(,t), Pa = pa(,t), pa = fa(z,1), t= tj+%

Approximating on the half-interval A, = (t o=l tj+g} each equation
P p

(7) of number « implicitly we obtain p one-dimensional equations [26, p.

401]:
it S . jpe

%:Aayj-i_p +80a pa a:1327"'7p7 (8)

J+

Aay = Xa <ao¢ya:a

1)
_I_
=
o
T
—
>
<
]
+
=
Q
Q
<
8

j N,
1 S
J— Z K(il?,tj,tj/)y(l‘,tj/+%)T — Z payia Pha

P iz ia=0
I R T
gt = Yiat1 Vi A M &
T ha ) Ta ha
The difference analogue (6) takes the form
Jj+ Jte
)ymaf) = f_ a¥Yo — p—a, Ta =0,
. (9)
(Na) ]+* J+o

—0a Yz, Na = /B—i—ayNa — ftas Ta = la-

38



Z. V. Beshtokova. To Numerical Methods for Solving Multidimensional
Integro-Differential Equations

Let us increase the order of accuracy of the boundary conditions (9) to
O(h?), then, using the equation (1), we obtain

]+
ol a)ﬁma P=pB_aly ” — p—a + O(hq).
From the latter, by the Taylor formula, we obtain

e et

Y Y Jt+5 Jt+5
0.5h % = X_aagla)ymaﬁ - ,B—ay() P—
+g o,
—0.5hq— Z K(x,t),t; P —0.5h, Z paylgj)ha +0_y, Ta=0,
1a=0

]_,’_a ]_,’_011

yNa —Yn, N,) It its
0.5hq %Z—Xma& Y e — Bratin,”

1< ji4e No _
_0.5haz; ST K(x,ty,t)yy, T 0.5ha Y Py e + ey Ta = la,
j’=0 ia=0

where

H_q = p—a +0.5ha fa0, Fig = Hta+05hafaN,, Hia= Hia(tj)a

1 1
0 Nq
X*Ox = 0), ((,y) é 07 X+a = (Na), ? r((x ) Z O
1+ 0.5hq |78 | 1+ 0.5ha|rs |
10-5) L (Na—0.5)

The integral over the space variable is approximated by the trapezoid
formula to achieve second order accuracy.
Thus, we obtain the following difference scheme

j+e _ grest L
%:Aagjﬁp +cpi Pooa=1,2,...,p, T4 € wp,, (10)
o j+L—1
y b — y P g
0.5hg——— = Ay , =0,
o pn T Ao T (11)
g+e g+t
0.5ho =t — ATy 4T, Ty = L,
y(x70) = UO('T)’ (12)

where

el

e 2 +
Aay = Xa <aocyma p) + bza&ﬂa)yia P+ b;aayéa F—
T
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1
_7ZK(az,t tiny(z, /+ 7'—2]90431Z o, Lo € Wh,

J ta=0
j+e j+2 0.5k i+
Aay - X—aaaa ymmg - 6 aYo = (JJ, tjatj’)yo Pr—
§'=0
Na
~0.5ha > ot has Ta =0,
ia=0
i+ i+%  0.5h ! i'+e
Ay = —x1a0ly5, N = Brayy,” o (@, .t )y, " T
j'=
Na j+< o=t
1 J p —y] p
—0.5hq Z payi(:)ha, T = la, ylfo‘) = %
ia=0

3 LOS approximation error

Replacing in (10) — (12) y Iy = 275 4 47T we get the problem for
4

a+; . Zj+ale . L
= Aazj+; + ¢Zy pa
-

e N N »
where Zﬁp ?J]Jr wte ujJrP is the solution of problem (1)-(3), wi —
A % J+%7 ]+D‘p1

P + (p _ = .
o 7 10 ]+1/2 . P .
Denoting by Yo = (Lau + fa — 58%) and noticing that Z Yo =
P ,
0,if > fo = f, we represent 1/}a = wa + o
a=1
& S b gt
i+ _ X it+e +2 w P —u P . . Ca '
djé AO/LL]+P—|—90£ p_—+1/1a—1/}a = (Aaujer _ Lau]+%> +
T

e i+1 W T e Ou\T1/2 . . i}
+<<Pa 2 2>_<7_ 5 + Yo = VYo + g

Obviously

Uh = O(h2 +7), the = Zwa Z%Jrzwa— (|Rf? +7).
We write the boundary condition for z, = 0 as follows:
e et
0.5mo 0"t " = xaally T — Boayy” -
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i Na
—0.5hq *ZK“ o P — 05k, S et hia + 0.5ha fan + fi-a-

ia=0

Substituting yj+% =7 + uj+7 we have

p
0.5hy, 20 20 _ Xfaag}a) ia)o . 5faz(a)
7_ oy
1 e Na
~0.5ha ST K(tjt;)zg T —05ha Y pazs ot
/= i1a=0

u, P —u
~0.5h0 Y paul hq — 0.5 =0 + 0.5h0 fo0 + ia

To the right-hand side of the resulting expression, we add and subtract

o 0 ou ou
0.5hath—a = 0.5ha [a (k axa)+ra($ D

la
1
—/ K( J},t,T)UdT—/pa($ t)udma+fa—p?:

]j+1/2
0

Then, due to the boundary conditions (2), we obtain
Vo =05hath_gq + 0", b, =0 +7)+ O(hat).

So, the problem for the error 2% takes the form:

j+2 j+L—1

# :A +¢i+7, (13)

j+e _ j_l'_L_l
0_5%M — Aa_z(a) + g, Ta =0,

-
Lt it
(Y — o CO T S
T

z(x,0) =0,
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where

woz = J)a +1/JZ, 72)04 = O(l), w; = O(hi +7_)7 @Z}fa = 0-5ha72)7a+w*_aa
Uia =05hatiattl,, Vi, =O0Mhi+7), $ra=0(1), > this=0.

4 Stability of a locally one-dimensional scheme

Let us multiply equation (10) scalarly by y(® = 4 AFE
1 o] « A « « « «
p
No
where {U,’Ui|a = N_O Uzavza T H ) (a HL2 'Z—:O yzhon

[ ] Z wH, H= H ha, Hy HLZ (@p) — Z Hy(OZ)H?lz(Oé)H/ho"

TEW i3F o

Based on the Cauchy inequality with e, the Cauchy-Bunyakovsky-Schwartz

inequality, Lemma 1 [27] and transformations
1 (& i
oL (Z payi(f)ha> ] <
ta=0 «

@ N @ L (@)
[y Y payy ha] < [2, (y )
L+ 2 5 e 3 <

1a=0
1a—0 1a=0

«

<

2 No
I B oy + D 90 < Myl
za—o
j Yy a
7[3/(6“)» D K(,ty,ty )y, ¢ ﬁ)T} =

a

oz)‘

1< e
<Hf K(z,titi)ylz,t! T r’
=y /Z_O ( jrlj )y( ) Lo(a) Lz(a)

My +2
<53 > Ty ¢ )HLN)JF*HZJ #1170
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after summing over ig # iy, 8 = 1,2,...,p, from (14) we get

1 '+Q j+g
%(Hy] v H%z(wh))ng M3Hy:fa”%2(@h) < Muellyz, p]’%Q(@,L)JF

J
A+g ~/+g
+Ms @)y 117, + Mo D Y 70T
j'=0

1 (e
5 (169 @+ D (h2a+1da)Hba | | (15)
i,@#ia

where € > 0, ¢(e )— e 4—l
Choosing € < from (15) we find

o IV 7 e

2M7

M3 4o
+7H Yz ‘L2(wh < Ms Z ly(, ¢ ”L2(wh T+ Mgy H%Q((:,h)‘F

o (19 e+ 32 (W2alt) + ) /b | (16)

ipFla

Let us sum (16) first over a from 1 to p and then, multiplying both sides
by 27 and summing over j' from 0 to j, we get:

J D J p
e
Iy M1 @) + Z TZ Hy IL2 ySME Y T Y TRt

7'=0 a=1
j P -/ a
(373 (175 s+ 5 (st )+
j'=0 a=1 igFia
+ Hyolli@h)) (17)
where My = T M5 + Msg.
From (17), we have

I ]+1HL2(‘Uh < My Z Z Hy] +p HL )+ MsF] (18)

=0 oa=1

43



BECTHUK BYPSITCKOT'O TOCY/JIAPCTBEHHOTO YHUBEPCUTETA
MATEMATHUKA, UHOOPMATUKA 2023/3

zo g (n e+ 2 (k20 + uia)H/ha) 190113,
Let us show that the following inequality holds

e 17 1 ) < Zm 7 I + vl

where v1, v are known positive constants.
In view of this, we rewrite the inequality (16) as

J
‘_1_2 ‘_;'_L—l ~/+g
17512y < 57T 12y + Msm Y 7l TN, ot
j'=0

o
+27 Mgy 7 117y @)+

I oy + D (120 + 1) H/Ra | - (19)
iB;’éia

Summing (19) over o’ from 1 to «, then we get

o 7 ,
'+2 - '/+a7
7 17 s < N7 1@y + Ms D7 Y 7l 7 I, @+
a'=1 j'=0

o /
i
73 I By + D (e + 1 ) H R | +
a'=1 ip il

p

@ , J
- - ~/+g
+27Ms > 1Y 7 1 S 11 sm + Ms D7 Y 7Y 77 o+
a'=1 a=1 /=0

p
o
+2r M > Iy |7 T

a=1

p .
19 B + 2 (et i) Hba | (20)
a=1

iﬁ 757:04

Without loss of generality, we can assume that

2 I 2
max Iy’ PHLQ(%)—Hy P17 (@)
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otherwise (19) will be summed up to such a value of « that ||y’ 5 ]\%2 @)
reaches its maximum value for a fixed j. Then (20) can be rewritten as

2112 |2
11}13'}{ ||y P ||L2((:)h) S Hy ‘|L2(‘:’h)+

J
o '/+£
+2p1 Mg 1@3?1;’@] pHQLQ@h) + pMsT E lfgggp”yj ”H%Q(whﬂ'"'
== ]/:O -

p
3 16 e + Y (et i) H b | (@1)
a=1

iﬁiia

We rewrite (21) once again in the following form

J
(1 - 2pMs7) max lly"™ 717,05, < PMST Y, max ly’ 7 |7, @, 7+
<a< jr=0 —°%

p
5 o + 70 (167 F By + 30 (2 + e /b | - (22)
a=1 igFla

Choosing 7 < 19 = from (22), we find

_1
4pMe>

J+S2 +212 all
max [y L, < Mo Z 1glagcplly Tl T+ M, (23)

e
where FV = [y |7, ) +7 a; 1" 112, @) +i§i (u’ia +uia)H/ha>.
Based on Lemma 4 [28, p. 171] from (23), we get the estimate

max Iy 1y @) < Molly? 17, o)+

p
+7Mo > 1 7 1, + DL (uﬁa + uia)H/ha . (24)
a=1 iB;ﬁia

Since it follows from (18) that
HyjH%g(w < My Z T max Hy EH%Q(%) + MgFi—!,
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then, from (24), we have

wmax [l 7 |3, <vi YT max v T, + v
1<a La(wn) = ” 1<a<p La(@n)
=

Introducing the notation gj41 = max (rasz H%Z(@h), the last inequality

can be rewritten as follows:

gji+1 <1y Z Tgk + VoY, (25)
k=1

where v, 9 are known positive constants.
Applying Lemma 4 [28, p. 171] to (25), from (18), we obtain the estimate

J 2
I, M[HyOH%MwZTZHw 1 ot
j’'=0 a=1

*Z Z > ( (0,2',1; )+uia(la,m’,tjf))H/ha], (26)

j'=0 a=lig#is
where M = const > 0 does not depend on h, and 7,

/
' = (21,22, ..., Ta—1, Tatl, -, Tp)-

Theorem 1. Let conditions (4) be satisfied, then the LOS (10)-(12) is
stable with respect to the right-hand side and initial data, so estimate (26)
is valid for the solution of the difference problem (10)-(12) with 7 < 7.

5 Convergence of a locally one-dimensional scheme

The solution z(, of the problem (13) can be represented as z(,) =

V(o) T Ma)s 2(a) = zH%, where 7)) is defined by the conditions [26]

M) = Na—1)

- - 1[)017 HARS Whe +7h,0¢7 a = 1727 <y Py (27)

i @Z}aa To € Why,
77($70) =0, o= "/j—aa ZTo =0,
@Z}+a, Lo = la.

We represent the solution 7 in (27) as p/*! = Np) = n + T<’lLl + iyt +
1/31,) =nl=npt=..=7n"=0. For () We have 1) = T<’lL1 + 1&2 + ...+
Ja) = O(7).
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The function v(,) is determined by the conditions

Y(a) = Y(a-1)

i = ]\av(a) + 121045 TZJQ = Aan(a) + w;» T € Whes (28)

Y(a) ~ Y(a-1)
T

0.5hq = Aa_v(a) +1E,a, Q;Z)fa = aﬂ? +w—a’ a=0, (29)

V(a) = Y(a—1 7 - *
0.5h0 = = AL v+ Pra = AdTe) + T ar 0 =Ly (30)
v(z,0) = 0. (31)
If there exist continuous in the closed domain Q- derivatives

@ 0*u 0u
O’ 0x20x%" 0x20t’

l1<a,B<p, a#p,

then [\an(a) = _TAa (1[}0(4-1 + ot @p) = O(T)a Ai:n(a) = O(T)
We estimate the solution of problem (28)-(31) with the help of (26)

[0 12, @ <

SMZ [Z!wa pHszh ZZ (;ZQaJrﬁa)H/ha]. (32)

j'=0 a=1 a=lig#iq

Since 't =0, 9y = O(7), |73 wn) < ||UJ‘HHL2 o) then it follows
from estimate (32)
Theorem 2. Let problem (1) - (3) have a unique solution u(x, t) continuous

in Q7 and there exist derivatives also continuous in Q

Pu u Fu
Ot?" 0x20a%’ 0z 0t’

1<a,B<p, a#p,

and conditions (4) are satisfied, then the locally one-dimensional scheme
(10)-(12) converges to the solution of the differential problem (1)-(3) with
the rate O(|h|? + 7), so that for sufficiently small 7 the following estimate
is valid

|’yj+1_uj+1||L2(Uh) S M<|h’|2+7—)’ 0<7<m, |h|2 - h%+h%+"'+hl2?'
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Ta6mmma 1: The error in the norm || - ||, (g,,) When decreasing grid size for
problem (1)—(3)
h Maximum error CO;q COq
1/10 1.937583553e-1
1/20 7.249175016e-2 | 1.418369799 | 0.876007024
1/40 1.848616435e-2 | 1.971370905 | 1.081827896
1/80 4.662492757e-3 | 1.987272525 | 1.225050757
1/160 1.172124523e-3 | 1.991975638 | 1.329794326
1/320 2.948753635e-4 | 1.990948648 | 1.409241578
Ta6mmma 2: The error in the norm || - [|¢(g,,) when decreasing grid size for
problem (1)—(3)
h Maximum error CO; CO4y
1/10 6.222675505e-1
1/20 1.716194235e-1 | 1.858322172 | 0.588328911
1/40 4.432645471e-2 | 1.952972959 | 0.844748018
1/80 1.120724198e-2 | 1.983736692 | 1.024912780
1/160 2.821637800e-3 | 1.989826572 | 1.156696892
1/320 7.136216269e-4 | 1.983301564 | 1.256025397

6 Numerical experiment

Let us define the coefficients and boundary conditions of problem (1)—
(3) so that the exact solution of the problem in the two-dimensional case
is the function

u(z,t) = t3(z] + 3).

Below in Tables 1-2, we present the maximum value of the error (z = y—
u) and the computational order of convergence (CO) in the norms |||, (s,.)

and || - [lc(wp,), where [yllc@,,) = max

(xi,tj)eth
while the mesh size is decreasing. The error is being reduced in accordance
with the order of approximation O(|h|? + 7).

The order of convergence is determined by the following formulas:

||21]] ||21]|
= = log,
I ||z2l|”

‘y’, whenhzhl Zhg :ﬁ7

In ||zo]|

CO; = log h

CO2 =

where 21 u 2y are the errors corresponding to steps 0, 5h, h.
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Conclusion

We study the third boundary value problem for a multidimensional
integro-differential convection-diffusion equation with a memory effect and
a nonlocal (integral) source. Problems of this kind arise in the study of
natural processes, for which it is necessary to take into account the prehistory
(memory, hereditary properties) of the process. From physical considera-
tions, a nonlocal source in the integral form arises in mathematical modeling
in cases where there are sources (or sinks, depending on the sign of p(z,t))
and it is impossible to obtain information about the ongoing process using
direct measurements, or when it is possible to measure only some of the
averaged (integral) characteristics of the desired value. For the problem
under study, a locally one-dimensional difference scheme is constructed.
The main research method is the method of energy inequalities. An a priori
estimate of the LOS solution is obtained, from which follow uniqueness,
stability, and convergence of the solution of the difference problem to
the solution of the original differential problem at a rate equal to the
approximation error. Numerical experiments were carried out.
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K YNCJTEHHBIM METOJAM PEIIEHN A MHOT'OMEPHBIX
NHTETPO-ANOOEPEHIINAJIBHBIX YPABHEHII

Bewmoxosa 3apvana B.

MJIQIIINNA HAYYHBIA COTPYJHUK,

WNucruTyT npukiaagHoil Maremaruku u apromarusanun KBHIT PAH
Poccus, 360000, r. Haapuuk, ya. [llopranosa, 89a

Annomayusa. Vccnenyercst TpeTbs KpaeBasl 3ajada sl MHOTOMEPHO-
ro naTerpo-auddepeHnaabHOro ypaBHeHus KOHBeKInu-1uddy3un ¢ 3¢d-
dexToM maMsATH U HEeJOKAJIbHBIM (MHTErpabHbIM) UCTOYHUKOM. Jljs1 quc-
JIGHHOT'O PEIEeHUsI TIOCTaBICHHON MHOTOMEPHO# 38]a11 CTPOUTCS JIOKAILHO-
OTHOMEePHAas Pa3HOCTHAs CXeMa, OCHOBHAs HJesl KOTOPOI COCTOUT B CBeJle-
HUU TIepeXoia CO CJIOS Ha CJIOH K MOC/IeJOBATETbHOMY PEIEHUIO PsiJia OTHO-
MEPHBIX 33184 110 KaXKJIOMy U3 KOODJUHATHBIX Hanpayennii. C mMoMoIbio
METO/Ia SHEPreTUIECKUX HEPABEHCTB JIJIsI PENIeHUs JIOKAJTbLHO-OTHOMEPHOT
Pa3HOCTHO CXEMBbI TIOJIyU€eHa allpuopHasi orenka. V3 rmojgydennoit anpuop-
HOM OIIEHKU CJIeYIOT €IMHCTBEHHOCTD, YCTONYNBOCTD, 8 TAKXKE CXOIUMOCTh
pelienns JOKaJIbHO-OJHOMEPHON PA3HOCTHON CXEMbI K PEIEeHUIO UCXOHON
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nuddepeHIuaIbHON 38]a11 CO CKOPOCTHIO, PABHOM MOPSIIIKY AITPOKCHMA-
UK pa3HOCTHON cxembl. [IpoBeeHbl YUCIeHHbIE PACIETHI.

Karouesvie caosa: TpeTbsl HaYaJIbHO-KpaeBasl 3aJada, JIOKAJILHO-OIHO-
MepHas CXeMa, AlPUOpPHAas OICHKA, PA3HOCTHAs CXeMa, IapadOJImIecKOoe
ypaBHeHUe, UHTerpo-auddepeHuaibHoe ypaBHeHne, ypaBHeHHe ¢ ITaMsi-
THIO, yPABHEHUE C HEJIOKAJIbHBIM (MHTErPAJIbHBIM) UCTOYHUKOM.
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