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In this article the most general model that can be used is one in which the ba-
sic parameters we need in equations for describing advanced vibratory process-
ing machinery are estimated, based upon obtained exact solutions for a relatively
few second-order differential equations; the more important of these exact solu-
tions are listed. They are exact in the sense that the solution is given in an ex-
pression that can be evaluated numerically to any desired degree of accuracy.
The model of VSM that experiences simple harmonic motion and the governing
equations sufficient to describe the behavior of the physical system adequately
are used as the model for parameter estimation and to study equipment design
problems.
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In the field of the mechanical design and application of the vibration forces
arising from any type of dynamic excitations for technologies mathematical con-
cepts involved in theoretical analysis of the method are described in the papers
[1, 2]. Process motivated by the acceleration of a deck undergoing harmonic mo-
tion occurs when the deck surface has both longitudinal and lateral tilts and fol-
lows a displacement pattern in directions: (1) not having a lateral tilt, and (2)
defined by a lateral tilt. Interesting surveys of the entire realm of the occurrence
of new phenomena are predicted, are explainable, and commercially available
with particular application associated with the design and operation of suffi-
ciently new equipment. Every phase of the above mentioned process is affected
by the goals which are established, particularly with regard to that phase upon
(1) that has been studied and the greatest progress has been made in treating vi-
bration technologies. This item describes largely in mathematical terms certain
of the more important features of vibration theory likely to be encountered in
practice, and provides furthest information concerning features of the methods of
analysis which find ready application.

The systems treated are systems with a finite number of degree-of-freedom
which can be defined by a finite number of simultaneous ordinary differential
equations. It should be pointed out that vibration processes are based on the ve-
locity transfer from a vibrating deck to the flow of material on it due to the exis-
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tence of a vibrating force. In practice, this requires the intimate contact of the
deck and particles for some period of time, during which equilibrium is ap-
proached as velocity transfer proceeds. Process synthesis represents the inven-
tive aspect of process design. Because of to maximize efficiency, the contacting
time in a particular stage may not be long enough. It is usually desirable to use
vibration defined by the acceleration amplitudes of the deck expressed as a di-
mensionless multiple of the gravitational acceleration in a range from 6 to 10g.
At such values of vibration acceleration particles will be intensively tossed up-
wards after a brief contact with the deck.

The plane of the X and Z axes is a plane of symmetry. The vibration force is
acting along the X axis at the angle of vibration to its direction lengthwise and to
the plane of the deck. The angle of lateral tilt of the deck surface (angle of ¢ )
can not be varied. The key difference over the design of machinery is the follow-
ing: there is no inclination in direction of the acting force at the angle of ¢ .

Suppose that X, Y, Z fixed in the deck is a convenient set of axes with its
origin at the point of material loading. The Y axis is perpendicular to the plane
of the deck; the X and Z axes are oriented along and transverse. The direction
of the motion of the deck and its change of position are characterized by the an-
gles of vibration 8 , longitudinal and lateral tilts o and ¢, respectively. The
values of these angles can be varied as follows

-n/2<a<n/?2,
O<p<m/2-a, (1.1)
O<e<m/2.

The initial conditions are

when ¢, =¢,: x=0, y=0 z=0,

dx _ dx dy dy dz B
dt dt ( )0’ t ( y)O’ t dt ( )0
The differential equatlons of partlcle motlon inthe X, Y, Z directions are
2
Ccllt =—gsina + Aw’ cos fsinwt,
d2
=(—gcosa + Aw’ sin Bsin wt)cose, (1.2)
d*z ) . . .
o =(gcosa — Ao” sin fsin wt)sin g,

where g is the gravitational acceleration; 4 is the amplitude of the displacement
of the deck; @ is the angular frequency of the simple harmonic motion.

By integrating once and twice, respectively, the equations are written as fol-
lows
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5

%z—g(t—t;)sina —Aa)cosﬂ(cosa)t—cosa)t;)+%

s
0

sina — Acos B(sinwt —sinwt, ) +

x()=—g L) _2t°)

(1.3)
+Aw(t —t,)cos fcosaty +(v,), (t — 1),

5

dy(t . ' *
J;,(t ) =—g(t—t,)cosacose — Awsin f cos g(cos wt —coswto)+%

s
0

_ -y
y(0)= g

cosa cose — Asin fcose(sinwt —sinwt) +

(1.4)

+Ao(t —1,)sin ff cos coswty +(v,)y (1 = 1,),

dz(t . . . . . dz
T(t) =—g(t—t,)cosasin¢ + Awsin fsin g(cos ot — cos wt,) +d—
t

5

s
0

(t—t,) ) L ) L
z(t) = chosa sin¢ + Asin Ssing(sinwt —sinwt,)) — (1.5)
—Aw(t —t,)sin Bsingcoswty +(v.), (t ;).

The phase angles at the time of flight initiation of the particle over the vibrat-

ing deck and of its downfall on the deck, respectively, are
S, =wt,, 5, =wt,.

For the period of particle flight over the deck defined by T = pT,, where T is
the time interval to complete one cycle in the deck vibration, the following ex-
pression can be written

5 -6, =2xp. (1.6)

The velocity of particle fall down on the surface of the deck (v, ), and the ve-

locity of particle reflection and flight initiation (vy); are known, in accordance

with Newton's theory of impact, as

v *
R=( )’)0. (1.7)
(v)f )n
Using expression (1.6), the following is obtained
. 2 .
ot, =21 p+ot,, t=tn=ﬂ+wto. (1.8)
®

The Eq. (1.4) give the following
v,),=-g(, - t,)cosacos € — Amsin cos g(cos ot, — cos wt, ) + (vy):). (1.9)
Since
coswt, = cos(27 p + wt,) = cos wt,,
this gives
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v,),=-g, - t,)cosacos € + (vy);.
Using relation (1.8), the following result is obtained

2 *
), =-¢g (—ﬂpjcosa cosE +(v,)y-
1)

In accordance with equality (1.7) the preceding equation can be written

v, 2 .
o) =_g( ﬂp}cosacossnt(vy)o
R w
or
. 1 2
(vy)o(1+—j=( ﬂpgjcosacoss,
R w
so that the equation can be expressed as
«» (2npg R
V), = —— |cosa cose. 1.10
NE RN w0

Eq.(1.8) makes ¢, —1, = 27r_p’ substituting this relation, Eq (1.4) becomes

2
2 cosQ cosE . . . s
—g( pJ — Asin Bcosg(sinwt —sinwt,) ) +

10} 2

2 ) s 2 .
+Aw cossﬂsmﬁcos ot, +ﬂ(vy)0 =0.
® ®

Since coswt, =cosd, and sinwt =sinwt,, dividing 27p and
Asin Bcose, the following equation is obtained

—gcosa

. )
Tp+cosd, + ) =0, (1.11)

Ao’ sin 8 Awsin Bcose
Ao’ sin 8
gcosa

where @, = is the coefficient of dynamic load.

The phase angle of flight initiation of the particle over the vibrating deck can
be calculated by the formula
. 2R
cos 9, =@(1 ——J

W, 1+R
or
oso; =222 (1.11a)
o, 1+R

The particle displacement in the X direction at the time interval to complete
one cycle of the particle flight, using the appropriate Eq. (1.3), is
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t,—t,) . : L
Sy =x(?) =—g%sma — Acos f(sinwt, —sinwt,)) +

+Aw(t, —t,)cos Bcoswt, +(v,),(t—1,).
A 5 -5

. 1 R
Since ¢, =—=, t, =—> and ¢, —t, =~
o

, this can be written

0]
0.5¢g . 2 . C o
Sy =- sina (6, —6,)” + Acos f(sind, —sind, ) +
1)

2
+Acos Bcosd, (5, _5;)+M.
)

The phase angles at time of flight initiation of the particle over the vibrating
deck and of its downfall on the deck are related as follows

8,=2np+35,.
Using this relation,

2
S, 20'5(2%_‘0} gsina + Acosﬂ[sin(Zﬁp+5g)—sin5;]+
)

* 2 *
+27 pAcos fcosd, + iz 2 (v.)o-
®

Since
sin2zp +8,) —sind, =0,

cosd, = gioéa - sv")o )
Aw” sin Awsin Bcoseg
from the previous equation
22pY . v, o
SX=—§ aidd sina + 27 pAcos B g<2:0§a Tp-— 2(.))0 +
2\ o Aw” sin B Aw” sin fcose
2 *
2 . 2 . 2 . v,
NELLIN ZE[ﬂJ s g |+ 2L gy b |
0] 2\ o tan 3 ) cos¢ tan B
Letting €O3% _Ging = M, the preceding equation can be written
tan sin 3
2 *
2 + 2 . v,
s, _8g(2xp cos(.a 5) L27p .Y, - (v, )y ' (1.12)
2\ o sin 8 0] cosgtan B
Eq.(1.10) gives
« 2mpg
(v,)o = . COSQ COSE.

R+1
Similarly, v, becomes
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V= () = 1=22ZL g gina, (1.13)
(]

where A is the coefficient of instantaneous friction. Substituting these terms
(v,), and (vy); into (1.12), the following equation is obtained
2
Sx=§ 2z p cos((?z+ﬂ)_sinal—l_ R cosa '
2\ o 2sin B A R+1 tanpf

The mathematical equation of particle velocity for motion in the direction of
the X-axis

2 1 R . 1 1-4
Vy 5, =M{cosacotﬁ(———J—sma(———ﬂ.

“2p @ 2 R+l 2 2
Simplifying this, the equation can be reduced to
npg(1-R 2—-A .
V,=—"=| ——cosacotff — sina |. 1.14
o 0} (1 +R p A ( )

Since Egs. (1.3) and (1.5) are of the same form, the solutions are the same
except for the directions of particle motion. The solution of Eq.(1.5) is of the
form in which the particle displacement in the Z direction is considered

S,=z(t,) =

= [O.Sg(tn —1,)* cosa + Asin B(sin wt, —sinwt,) — Aw(t, —t,)sin B cos a)tg]cos &+
+ (vz ):) (tn - t; )

Using the relations of Egs. (1.6) and (1.8), this equation can be expressed as
follows

2
. .. 2 .
S, = {O.Sg(zﬂ—pJ cosa — 27 pAsin cosd, |sing + P (v.),. (1.15)
0] 0]
It is assumed that
le—l; le—k (1.16)
(vx)n (vz)i'l
. . . 2 p . .
After a determined interval of time Af=——"—, the increment of particle ve-
0]

locity toward the lateral direction is

A,), =), =), =(.),0A=2) = (),
where (v.), is the projection of particle velocity on the Z axis at the time of
flight initiation. Using Eq. (1.5), the following is obtained
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A, = [g(t ~1;)cosa + Awsin B(cos wt —cos a)t;)]sin e(1-2)+

: . 2ap . . (L17)
+(v,),1-4)—=(v,)y =——gcosasing(1-1)—A(v,),.
)
Projection of particle velocity on the Z axes is
- . 2 .
V=) =—(1-A" L gcosasine.
0]
Substitution this relation into Eq. (1.15) gives
2np Y (27 p)
S, = g(_pJ cosa — 27 pAsin Bcos S, |sing + ‘f X
2\ o o]
(1.18)

1- : 2apY (1 1-2 : ol
X gcosasing= | gcosa Py — 27 pAsin Bcosd, |sing.
A w 2 A

Since cosd, is determined by (1.11a), Eq.(1.18) can be written

2.2 2.2
Vs 2—-A T 1-R ) .
S, =|2gcosa ]2)-——2gcosa 12? sing =
@ A o° 1+R
(1.19)
. mp(2-2 1-R
=2gcosasing—; — .
0} A 1+R

which can be reduced to
e _ S0 _mpg(2-4 1-R
g 2rp o A I+R

Jcosasins. (1.20)

Applicable mathematical expressions

The equations (1.14) and (1.20) for the particle velocity in its movement in
the longitudinal and lateral directions are the basic equations in the theory of
vibration separation. For the purpose of studying the effects of vibration these
equations can be transformed to other forms required for particular applications.

At a specific instant of the phase angle corresponding to the particle flight
initiation motivated by the maximum value of the acceleration of vibration, when
cosd, =1, from the expression (1.11a)

_1(1+R o
P r\1-R) "

In this case, if it is assumed that

is the parameter of separation, Egs. (1.14) and (1.20) can be converted to the
form

1 t
- Aw( ﬂﬂj (1.21)
q
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1

v, =Aa)sinﬂsing(——l} (1.22)
q

Dividing Eq. (1.22) by Eq.(1.21)

. . 1
sin fsing| ——1 .
%_&_ (q J _ (I_Q)SIH‘C" (1 23)
dx V, cOsﬂ_sinﬂtanoz gcotf—tana '
q

The Eq. (1.23) can be used to construct the trajectory of particle movement.
This is done as illustrated in Fig.1 of [7]: resulting trajectories are drawn by
broken-dotted lines through a point taken near the origin of the separation load.
The directions of movement of the components are such as to take the trajecto-
ries away from the origin. The angle of particle orientation in its movement is
indicated by the formula

(1-g)sing

tany, = (1.24)

gcot f—tana

The XZ plane of the deck in is a plane of symmetry. Each parallel deck with
its longitudinal and lateral axis in the X and Z directions, respectively, has the
length / and the width b of the deck, respectively. So x=5b/tany, z =/tany.

Separation ability is defined analytically as follows

P T
Y dg __, dq\tany ’
D, __% ——i(tanl//)
.,  2dg

Solving Eq.(1.23)

! =bi qcotﬂ—jtana _ 'b .cot,B—tazna’ (1.25)
! dg\ (1-g)sing sine  (1-¢q)
D, :_li (1-g)sing =lsing cotf—tana _ (1.26)
! 2dg\ gcotf—tana ) 2 (gcot f—tana)

Conclusions

1. In the operation of modeling and processing for CM, there are several fac-
tors to be considered that are important regardless of the particular methodol-
ogy. The most important consideration involves using the basic equations for
evaluating the design parameters technologies.

2. Mathematical model method for parameter estimation is used as the theo-
retical basis for the description of processing for CM with the second-order dif-
ferential equations whose solutions are obvious from adequate analytical models.
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3. The method has been applied extensively in studies of the governing equa-
tions and some of the general mathematical expressions thereby obtained are
given here, both as for future evaluations and as a collection of useful relations
which find ready application in practice.

4. The solution procedure involves representation of the function behavior in
the form of response curves versus parameters. The response curves for a par-
ticular system acted on by a harmonic exciting force may be derived from the
obtained equations for the condition monitoring.
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B craTtbe npoBoauTCs MaTeEMaTH4ECKOE€ MOJICIIMPOBAHNE U aHAIN3 TUHAMU-
KA BUOPHPYIOUIMX CHUCTEM B LEJIAX Pa3pabOTKM NMPUHIMIHAIBHOH  CXEMBI,
3HAa4YEeHUI MmapaMeTpoB, Hanbolee palMoOHAIBLHON AMHAMUYECKOH CTPYKTYPBI U
3JIEMEHTOB ONTHMAIBHONW KOHCTPYKLMH amlapaToB BUOPAIMOHHOTO JAEHCTBUS.
B pesynbraTte pazpaboTaHbl Hay4HBIE OCHOBBI U YCTAHOBJIEHBI OCHOBHBIE 3aKO-
HOMEPHOCTH IPOLIECCOB, MO3BOJISAIOLINE POU3BOIUTH PacyeT OCHOBHBIX Iapa-
MeTpoB. [lomydeHsl Teopernueckue ypaBHEHUS U psija GopMys AJsl pacuera B
3aBHCUMOCTH OT P&XHMMa W BUIA KoleOaHUN M MaTeMaTH4YeCKas MOAENb Ipo-
LIECCOB.

Knioueswvie cnosa: MOHUTOPUHT; MOAENTHPOBAHHUE; MATEMATHUECKUN aHAIIN3;
BHOpAIIMOHHBIE TEXHOIOTUH; ONTHMHU3ALUS TAPAMETPOB M KOHCTPYKIIHH.
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