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AHHOTanus. B nanHoii ctatee cTaBUTCS 3a7a4a 0 BBIHY)KJICHHBIX KOJIEOaHUIX TPEX
TeJl, yIpyro OnepThIX Ha Oanky. [y perieHust IOCTaBIEHHOW 3a/ady, B OTIMYHE OT
KJIACCHYECKOT'0 cr1ocoda, Korja cucteMa pa30uBaeTcs Ha 4acTH, JUIT KOTOPBIX COCTaB-
JISIIOTCA ypaBHEHUS BIDKEHUS, HAXOATCS UX PELIEHMs], a 3aTEM MPOU3BOJUTCS CLIMB-
Ka pelIeHHi B MecTax pa3OMBKH, B JAaHHOM CTaThe NPUMEHSETCS BapUalMOHHBIH
NpUHOUN ['aMuIbTOHA, B pe3yibTaTe Yero Mojiydaercs: cucrteMa AudQepeHInaIbHbIX
YpaBHEHHH, TPH M3 KOTOPBIX MPEACTABIIIOT c000i OOBIKHOBEHHBIE nU(depeHIab-
HBIE YPaBHEHUsI BTOPOr0 MOpPsIKa OTHOCUTEILHO BPEMEHH, OMHUCBHIBAIONINX JABHKCHUE
TBEpAbIX Ted, W MU depeHnrnalIbHOe YpaBHEHHE B YacCTHBIX MPOM3BOIHBIX BTOPOTO
MOpPsIIKA OTHOCUTEIBHO BPEMEHU U YETBEPTOrO MOPsAKA OTHOCUTEIBHO MPOJOIBHOM
KOOpAMHATHI TOUYEK Oanku. Pemenne moirydeHHON cHCTEMBI MIIETCS B BUJE NPOU3BeE-
JICHUs] aMIDIATYJ] Ha TapMOHMYECKYI0 (PYHKIMIO 4acTOTHI BHEIIHErO BO3MYIIAIOIIEIO
Bo3MyIIeHus. [Ipy 3TOM 1711 TBEpABIX TNl aMIUIUTY/IBI IIOCTOSHHBIE BETMUMHBL, a JUIs
0aJKu — mepeMeHHbIe. 3aTeM MOCiie HEKOTOPBIX NMpeoOpa3oBaHUi MOTYYEHHOH chc-
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TEMbI aMIUTMTYIHBIX yYPaBHEHHH, ONpeeNstoTcss KodQPUIUEeHTH! TIlepesad B BUAE OT-
HOIICHUH yKa3aHHBIX aMIUTUTY/] K aMIUTUTY/AE BO3MYIICHUH.

Cka3aHHOE OTHOCHTCS K METOJWKE HCCIIEeNOBAaHMS Ha BBIHY)KIACHHBIC KOJICOaHMS
TpeX, YIPYro 3aKpeIUICHHBIX BJIOJb OAJKK TBEPABIX TEJl, B OCHOBE KOTOPOM JISKHUT Ba-
pranuoHHbIi npuHOMN ['amunbToHa. Ilpn 3TOM penieHHe MOMy4YeHHOH B pe3yibTare
MIPUMEHEHNS] BapHallMOHHOTO NPHHIMIA THOPHIHON cucTteMbl anudQepeHuanbHbIX
ypaBHEHHH, BKJIIOUYAIONMel Kak oObuHbIe nuddepeHIraibaple ypaBHEHNS, TaK U B Ya-
CTHBIX TPOW3BOMHBIX, NMOHMUMaeTcs B 0000meHHOM cMmbiciie. [Ipumenenne moHATHS
0000IIIEHHOTO PElIeHNs BHI3BAHO MPUCYTCTBHEM B ypaBHEHHUSX AeNbTa-GpyHKImU Jlu-
paka, KOTOpyl0 HeoOXOOMMO YYHTHIBAaTh B MecTax NMpHUCOeAMHEHHs Ten K Oanke. [o
HaleHHbIM Kod(duIeHTaM niepesayn BhISABISIFOTCS] PE30HAHCHBIE YacTOTHI, X MPOU3-
BOJIMTCS] MX CPAaBHEHHE C COOCTBEHHBIMU YaCTOTaMH yKa3aHHOW MEXaHW4ECKOU CHCTe-
MBI

KnaroueBsbie ciioBa: 0anka, ynpyro 3akpeluieHHBIC Tejla, Pe30HAHCHBIE YaCTOTHI,
cOOCTBEHHBIE YacTOTHI, KO3 (HUIUEHTHI Iepeay.

Juas uuTupoBanus

bapeyes C. I'., Hecmepos A. C., Bacuniwes A. A. O BEIHYKICHHBIX KOJICOAHUSIX TPEX
TeN, YIpYyro onepTsix Ha Oanky // BecTHHK Bypsrckoro rocyiapcTBeHHOTO yHHBEPCH-
tera. Matemaruka, nHopmaruka. 2024. Ne 3. C. 45-55.

BBenenne

Yupyrue 6anky Wiy CTEPKHHU SIBISIOTCS 3JIEMEHTAMH MHOTMX KOHCTPYKIUN
U YCTPONCTB B aBUALIMOHHOM M KOCMUYECKOM TEXHHKE, Ha 3IaHUSIX U COOPY-
JKEHUSX, HA3EMHOM M BOJHOM TpPAaHCIOPTE, OMOpax JUHUU 3JeKTpomepenad,
OamrHsX, MadTaxX, aHTEHHAX, TpyOornpoBoaax u T.I. [Ipu BEIHYXIEHHBIX KOJE-
0aHMSIX B TAKUX KOHCTPYKIIUSX BO3MOXEH PE30HAHC, TO €CTh KOrJa 4acToTa
MPWIOKEHHBIX K HAM BHEIIHUX BO3MYIIICHWUH COBIAJAeT C YacTOTOM COOCT-
BEHHBIX KOJIcOaHMIT KOHCTpyKIui. [1losToMy BO3HHKaeT HEOOXOIUMOCThH OT-
CTPOMKHU OT PE30HAHCA, 3aKII0YAIONIEMCS B YCTAHOBKE JIOMOIHUTENbHBIX TacH-
Telel KoneOaHuil B BUIE TBEPIBIX TEJ HIIM MACC ¢ YIPYTUMU CBs3sIMHU. B 3ama-
4y HCCJICIOBAHUS BBIHYKICHHBIX KOJcOaHUN BXOAUT ompeneiacHue Koddou-
IUEHTOB Tepe/iad, MPEACTABISIONNX OTHOIICHUE aMIUTUTY] O0ObEKTOB KOHCT-
PYKIUU K aMIUTUTYJC BHEIIHUX BO3MYILIEHUN B 3aBUCHMOCTH OT UX YaCTOTHIL.
[TocTpoenne Takux 3aBUCHUMOCTEH MO3BOISET OMPENENSITh PE30HAHCHBIC, WU
TO K€ caMoe COOCTBEHHBIE 4acTOThl. K TeMe BBIHYKIIEHHBIX KoJeOaHUH Cieny-
€T OTHECTH HayaJbHO-KPAeBYIO 3aJauy, TO €CTh UCCIEIOBAaHUE MTOBEICHUS Me-
XaHWYECKOW CHCTEMBI BO BPEMECHHU TIPH 33J]aHHBIX HAYaJIBHBIX YCIOBUSX. [ MO-
punHasi cucteMa AuddepeHITHaNTbHbIX YPaBHEHHH, OMUCHIBAIOIIAS JBIKCHUC
paccMaTpuBaeMO MEXaHUUYECKOM CHCTEMBI, BBIBEICHA C HCIIOJIb30BAHUEM Ba-
puanroHHOro npuHuuna ['amunsToHa [1], mpu 3TOM TOYEUHOE B3aUMOJICHCT-
BHE OalIKi C MPUKPEIUICHHOW CHUCTEMON TBEPIBIX TEJI YUUTHIBACTCS JEIbTa-
¢yskuen Jlupaka, yTo mMpenycMaTpuBaeT MPUMEHEHHE TTOHATHS 0000IEHHO-
TO peIICHUs OOBIKHOBEHHOro au(QepeHITNaILHOTO ypaBHEHHS YETBEPTOTO
MOpsiKa PEIICHUU TIPH ONUCAHUY aMIUIUTYIHBIX CMEIICHHI TOYEK OCH OaJTKH.
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B ,I[aHHOfI pa60Te OIIKMCBIBACTCA METOJHKA HMCCICAOBAHUS MEXaHUYECKOI
CHUCTCMBI Ha BBIHYXXJICHHBIC KOJIEOaHUS C MOJIy4CHUCM KO3(1)(1)I/II_II/ICHTOB nepe-
Jay. HpOI/I3BOI[I/ITCH I/I,Z[CHTI/I(l)I/IKaLII/ISI PE30HAHCHBIX YaCTOT C COOCTBEHHBIMU

[2].

1 UccienoBanue BbIHYKICHHBIX KOJIeOaHNH

PaccmoTpuM MexaHuueckyro cucreMy (puc. 1), cocTosAIIyr0 U3 TpexX Tel ¢
MaccaMu m,,m,,m,, NPUCOECAUHEHHbIX K YIPYrOMYy CTEP>KHIO C IOMOILBIO
HpPYXKHH JKECTKOCTH ¢,C, U C; COOTBETCTBEHHO. KOHIIBI CTEPIKHS JKECTKO 3a-
KperuieHsl. Maccel m,,m,,m, MOTYT IepeMeIaTbcsl TOIbKO MOCTYNATENbHO B
Hanpasiaenuu ocedl O,z;,0,z,,0;z, coorBeTcTBeHHO. 3aeck Touku O,,0,,0,
COBMAJAIOT C MOJIOKEHUSIMH PAaBHOBECHSI MacC M SIBISIIOTCSI (PUKCHPOBAHHBIMH.
Konebanus macc xapakrepusyrtorcs GyHKIMAME z, (1), z,(),z,(¢) . Ilepemente-
HUS TOYEK CTEPKHS OmuchIBatoTcst GyHKuuen u(x,t). [IpyxuHsl nmprcoeaune-
HBI K CTEPXKHIO Ha PacCTOSIHUAX 4,,d,,d; OT JEBOrO KOHIIA CTEPKHS COOTBET-
crBeHHo. Ha maccel m,,m,,m, NEHCTBYIOT rapMOHMYECKUE CHIIOBBIE BO3MY-
HIEHUs C 4acTOTOH p W ammiuryjgamu I, F,,F, .

Tor;[a BapHaHHOHHLIﬁ OpUHIAIL I'amMuIbTOHA MOXKET OBITH BBIpaXCH CJIC-
AYIOMIUM COOTHOLICHUECM

]
[T -v)+swt=o0, (1)
fy
rac T — KuHeTHueckas OHCPTHUA CUCTCMBI; Uu — MOTCHIHAJIbHAsA 3HCPIUA
CHCTEMbI; 5/ — BUpTyasibHas paboTa HEKOHCEPBATUBHBIX CHJL.

[TorenumnanbHasgs ¥ KUHETUYECKAs OHCPrugd CHUCTCMbI CKIIAJIbIBAFOTCSA COOT-
BCTCTBCHHO U3 3HCPIUU TCII, CTCPIKHA U MIPYKUH, T.C.
Ir=1+0,+T,+1,,U=U+U,+U,+U,,

rac
T; = 77’11212 , T2 zmzézz , ]’; =m3Z'32 , T, :llpF(a_u)zdx’
2 2 2 29 ot
U _cl(zl—u(al,t))2 U _cz(zz—u(az,t))2 U _03(23—u(a3,t))2
1= 7 > Y2 2 > Y3 7 5
1 ouY
U, ==[EJ| == | dx.

29 ox

31ech [0 — TUIOTHOCTH Oayiku; /' — TUIOIa b MONEPEYHOTO CCUCHUS
cTepkHs; EJ — XKeCTKOCTb Oalku Ha U3ru0; 7, — KUHETUYEeCKas SJHeprus i-oi

MacCcChI; T6 — KMHCTHUYCCKasA SHCPTUA 6aJ'IKI/I; Ui — HNOTCHIHAJIbHAA SHCPTUA
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ynpyroit nepopmanuu i-oif npy:xunsl; U, — MOTEHIMAIbHAS YHEPT U YIIPY-

roit neopmanuu Ganku.
BHemHne rapMoHHYECKHE CUIIOBBIE BO3MYLICHHUS! OMPEAENAIoTCs mo ¢op-

MyJam:
F () = F cos pt, Fy (1) = F, cos pt, Fy (1) = Fy cos pt.,
CJIECA0BATCIIBHO:

OW =F,cos ptdz, + F, cos ptéz, + F; cos ptd z,

£ lFQ 1F3
o "y, 4z M3 4 Zg
| 0, | O: | O3
[
’ | t %// >
@] a4 a, day b ?[

Puc. 1. banka ¢ Tpems ynpyro 3akperieHHbIMU Ha Hell TenaMu, ¢ eicT-
BYIOIIMMH Ha HUX BHEUTHUMH FApMOHMUYECKMMH BO3MYIIEHUSIMHU.

ITocne psna npeodpaszoBanwmii (1) mpumer BUx:

J‘[(_m121"_c1 (z, —u(a, 1))+ F| cos pt)oz, +(-m,z, —¢,(z, —u(a,, 1)) + F, cos pt)oz, +

l

H=myzy —c(z; —u(a, 1)) + F; cos pr)oz; + _[(Cl (z, —u(x,0))0(x —a) + (2)

+¢,(z, —u(x,1))0(x —a,) +c,(z, —u(x,t)o(x—a,) — pF % —-EJ %)&tdx]dt =0

Taxum 06p330M, IMOJIYyUYUM YPABHCHUC NBUXKCHHA CHUCTCMbL
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m 21+ ¢,(z, —u(a,,t)) = F,cos pt

m, 2£+Cz(22 —u(a,,t)) = F, cos pt

. )
m, z,+ ¢, (z, —u(a,,t)) = F, cos pt
pFé;2t+E[a ZC (z, —u(x,t))0(x—a,)
i=1

[Tonenus nepBoe ypaBHEHUE Ha m, , BTOPOE Ha m,, a TPETbE Ha m,, 4eT-
BepToe Ha PF , OXy4nM:
z/(t) + plz (z, —u(a,,1)) = H, cos pt,
zy (1) + pzz (z, —u(a,,1)) = H, cos pt,
2(t)+ pi(z, —u(ay,t)) = H, cos pt “)

ou 64
y 6 — ,lee (z, —u(x,t))0(x—a,)),

E. F )
e p= |-l g oG 103
m, plF m pE

Ha u(x,t) HamoXEHBI TPAHUYHBIC YCITOBHSL:
u(0,6)=u(l,t)=0,

du du . 5
E(O,t)zg(l,t)zo ©)
IToxncrasus B (4) z,(¢), u(x,t) B Buzge
z,(t) = A, cos pt,u(x,t)=V(x)cos pt,i =1,2,3
nocJse npeoOpa3oBaHus MOTYUHM:

—p A +p (4 =V(a)=H,,
—p’ A+ p) (4, -V (a) = H,,
—p’ A+ py’ (4 -V (ay) = H,,

7 b e v ot-a). ©)

=1

[locnennee ypaBHenue B (6) nMeeT pelieHne

V(x)=V,(x-a)e (Al —V(al))H72 (x—a,)e, (A2 ~V (a, ))+ (7)
+7, (x—a3)e3(/l3 —V(aB))

TJIe 17, (x —-a, ),i =1,2,3 — pelreHus oCHOBHOM KpaeBoit 3amauu [1].
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[loncraBnsas B (7) mocnenoBaTenbHO X =a,X =d,,X =@, HOIy4aeM

CHCTeMy HHHeﬁHBIX aJ'IFe6paI/I‘{eCKI/IX ypaBHeHPII?'I OTHOCHUTCIIBHO
Vi(a),V(a,),V(a;)

(1”71 (O)el)V(“1)+ vy ("1 ‘az)ezV(“z)”73 (“1 ‘“3)63V(“3)=

17.(61 —a.)e.A.,
i\l i)

®)

Pemas cucremy (8), momyyaem
V(al) = P4 + B4, + B4,
V(az) =BoA + Bpd, + P4,
V(a3 ) =B A + B4, + B4,

rae

o 1(O)el _z(al_—az)e2 I?(al —a3)e3
ﬂll_zlﬁ(az_al)el _1+V2(0)ez 4 az__a3)e3 >
1(“3_"1)61 V, a3—a2)62 1+V3(0)e3
1 _2(_611_‘12)62 _2(a1__a2)e2 I53(511 a3)e3
B _Z B 2(0)62 _1+V2(0)62 Vi (az__a3 )63 >
2(613—612)62 Vz(a3—c12)e2 1+V3(O)e3
1 I23(611_613)63 _2 al_az)ez I53(611_513)63
Bis _Z 3(f2_a3)e3 _1+Vz(0)ez V3(a2__a3)e3 >
V3(0)e3 Vz(a3 —arz)e2 1+ 3(O)e3
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. _1+V1(O)el ~ 171(0)6l I?(at1 —a3)e3
ﬂﬂ‘Z Iﬁ(az al)el Iﬁ((’ZZ_al)el 4 az__a3)e3 >
1(a3 al)el 1(“3 -4 )el 1+7; (0)63
1 _1+I71(0)el _2(111 _az)ez :3(a1 as)e3
ﬂzz_z Iﬁ(az_al)el 3 Vz(o)ez Va(az__as)e3 >
Vl(aS al)el 2(“3_‘12)62 1+V3(0)e3
. _1+V1(O)el I?(al —ar3)e3 I?(al a3)e3
B _Z Iﬁ(az al)el 3(122 _az)e3 V3(az a3)e3 >
Vl(a3 al)el V3(0)e3 1+V3(O)e3
. _1+I71(0)el _z(al_ az)e2 ~ 171(0)6l
B _Z Iﬁ(az_al)el _1+V2(0)ez Iﬁ(az_al)el >
4 (as al)el V, (a3 _az)ez 1(a3 _al)el
1 _1+I71(0)el _2(a1__a2)ez ;(fl_az)ez
B, _Z Iﬁ(az _al)el _1+V2 (0)62 B v, (O)ez >
Vl(aS al)el V, a3_a2)ez 2(“3 —a2)62
. _1+I71(0)el _2 a, —az)e2 I?(al—a3)e3
ﬂ33_Z Iﬁ(az_al)el _1+V2(0)82 3(f2_a3)e3 >
1(“3 _al)el V, (a3 ) )ez v (0)63

1+V(0) V ((11 az)ez I73(“1_‘13)33

( —al)el 1+V(O) V3(a2_—a3)e3 .

( ) (a3 az)e2 1+V3(O)e3

IoncraBnsst (9) B mepBble TpU ypaBHEHHS cHCTeMbl (6), moiydaem clie-

IYIOIIYIO CUCTEMY:
(1712 -p - plzﬁll)Al _plzﬂl2A2 _pfﬁuAa =H,,
_pZﬂZIAl + (p22 -p _pjﬂzz)Az _p22ﬂ23A3 =H,, (10)
_p32ﬁ31A1 _P32ﬂ32A2 + (p32 -p’ —p§ﬂ33)1‘13 =H,.

Orcroga, pemiasi CUCTEMY, HaliieM

A
=—A2— == LAy =t (11)
rac
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H, _plzﬁlz _plzﬂB
A =|H, pzz_Pz_pjﬁzz _p§ﬁ23 >
H, _p§ﬁ32 p32 - p2 - p§ﬁ33
pf_pz_pfﬁn H, _plzﬂB
A, = _pzzﬁzl H, _p§ﬂ23 >
_p3zﬂ31 H, p32_p2 _pzzﬂzz
p12 _pz _plzﬁll _plzﬂu H,
A, = _pzzﬂzl p; _p2 _pzzﬁzz H,|,
_p32ﬁ31 _p32ﬁ32 H,
p12 - pz - plzﬂll _plzﬁn _pfﬂn
A= _pjﬁn p22 - p2 - pzzﬂzz _pjﬁza
_p32ﬁ31 _p§ﬁ32 p32 - p2 - p§ﬂ33

[onemuB 4,, 4,, A, cooTBeTcTBEHHO Ha F|,F,,F;, momy4um Kod()(OULUEHTHI

nepenayu

_ A1 _ AZ _ A3
xl(p)—AFl,xz(p) AFZ,Zs(P) AE

2 PacueTtnl K03(pULNEHTOB Nepenaqy

B pabore paccuntansl kodpummeHTts mepemau ¢ nomompio  Web-
MporpamMMsl, pa3paboTaHHON aBTopamH. lIpy 3TOM HCIONB30BaHBI MAPAMETPHI
paccMaTpuBaeMOil MEXaHUIeCKOH CHCTEMBI, B3ITON U3 3apyOe:KHOH cTaThu [2].

[Tapamerps! 6anku ¢ ynpyro 3akperuieHHbIME TpeMsi Tenamu B cucteme CHU:

k, =3k,, m =0,2m,, k, =4,5k,, m, =0,5m,, k, =6k,, m, =1m,,
k, =63476,1, m, =15,3875, a, =0,1, a, =0,4, a, =0,8,
I =1, EJ =63476,1, pF =15,3875.
Pe3ynbraThl paboThI IPOrpaMMBIL.
Hmxe nokazaHbl rpa)MKy 3aBUCHMOCTH KO((UIMEHTOB Iepeaad OT Jac-

TOTBl BHEUIHMX TapMOHMYECKHMX BO3MYIIEHHUN IpU paBHBIX aMIUIMTYJaX
F1=F2=F3=F.
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0,0001
0,00008 -

0,00006
0,00004

q

i

it

0,00002 I

At

-4

’

0 i

110120130140150160170180190200210220 230240250 260270280290 300

CoOcTBEHHEBIE YaCTOThI, IMOJTYUYCHHLIC B 3apy6e>i<H0171 CTaTheC

o, , o, w, o,

3apyOexHast

156,6703 | 190,6994 | 248,6622 | 1454,2932 3968,4732
craths [2]

I'padku MOKa3BIBAIOT, YTO HECKOIBKO IMEPBHIX PE30HAHCHBIX YAacTOT IO
MOPSAKY BETUYMHBI COBIAJAIOT C COOCTBEHHBIMU YacTOTAMU, IPUBEICHHBIC B
TaOIuIIE.

3akr0ueHne

B pesynbrare uccnenoBaHus BRIHYKICHHBIX KOJIeOaHUN paccMaTpUBaeMOi
MEXaHUYECKOW CHCTEMBI BBIBEICHBI COOTHOIICHUS I KO3 (HUIMEHTOB Tepe-
Ja9 B 3aBUCHMOCTH OT YaCTOTHI BHEIIHUX TapMOHUYECKUX BO3MyIeHud. Om-
peaeneHbl Pe30HAHCHBIC YACTOThI, KOTOPBIE COBIANIM O MOPAIKY BETUUUHBI C
COOCTBEHHBIMH, YTO TOBOPUT 00 3(h(PEKTUBHOCTH MPEIIOKEHHOW METOIUKH.
OTMeTHM, YTO ONpPEEICHUE PE30HAHCHBIX YaCTOT NPOU3BOJIUTCS C MCHBIIIUMHU
YCHITUSIMU, Y€M OIPE/EICHuE COOCTBEHHBIX YacTOT, KOTOPOe TpeOdyeT mpume-
HEHUS IPOMO3IKOro anmapara.
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Abstract. In this article, the problem of forced vibrations of three bodies elastically
supported on a beam is posed. To solve this problem, in contrast to the classical
method, when the system is divided into parts for which equations of motion are com-
piled, their solutions are found, and then solutions are stitched together in the break-
down methods, Hamilton's variational principle is applied in this article, resulting in a
system of differential equations, three of which are ordinary second-order differential
equations with respect to time describing the motion of solids, and the partial differen-
tial equation of the second order with respect to time and the fourth order with respect
to the longitudinal coordinate of the beam. The solution of the resulting system is
sought in the form of the product of the amplitudes on the harmonic function of the
frequency of the external disturbing disturbance. At the same time, for solids, the am-
plitudes are constant values, and for a beam, they are variable. Then, after some trans-
formations of the resulting system of amplitude equations, the transmission coefficients
are determined in the form of ratios of these amplitudes to the amplitude of distur-
bances. The above refers to the method of investigating the forced vibrations of three
solids elastically fixed along the beam, which is based on the Hamilton variational
principle. At the same time, the solution of the hybrid system of differential equations
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obtained as a result of the application of the variational principle, which includes both
ordinary differential equations and partial derivatives, is understood in a generalized
sense. The application of the concept of a generalized solution is caused by the pres-
ence in the equations of the Dirac delta function, which must be taken into account at
the places where bodies are connected to the beam. According to the found transmis-
sion coefficients, resonant frequencies are determined, and they are compared with
their own frequencies of the specified mechanical system.

Keywords: beam, elastically fixed bodies, resonant frequencies, natural frequencies,
transmission coefficients.
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