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Abstract. The primary purpose of rebalancing strategies in long-term investing is risk
aversion, but investors also expect to generate excess returns or premium returns through
rebalancing strategies. The article analyzes the probability of premium returns from
rebalancing strategies using pure long-only portfolios. Rebalancing Alpha can be used to
assess the likelihood of obtaining premium returns. A positive rebalancing Alpha indicates
that the rebalancing strategy can generate premium returns. Therefore, the higher the
probability of a positive rebalancing Alpha, the greater the likelihood of premium returns
from the rebalancing strategy. We have analyzed both the simple two-asset model and the
general model. It shows that for a long-only portfolio of two assets the probability of
a positive rebalancing Alpha is approximated as a t-distribution with M-1 degree of freedom
where M is the investment period. While for a multi-asset long-only portfolio the
rebalancing Alpha of a portfolio is the sum of the rebalancing Alphas of all different asset
pairs. The probability of the positive portfolio rebalancing Alpha is equal to the product of
probabilities that the rebalancing Alphas of all asset pairs are positive. Therefore, the
conditions for a positive rebalancing Alpha are very stringent. Even if a positive rebalancing
Alpha exists, its value is usually very small and its duration is very short. This explains why,
in practice, investors find it difficult to obtain premium returns from rebalancing strategies.
Keywords: rebalanced portfolios, long-only portfolios, rebalancing Alpha, rebalancing
strategies, premium returns.
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Introduction

A long-only portfolio is the most fundamental and common investment approach in
the investment world. In the context of retail investing, this approach relies on the
basic infrastructure of the stock market, which involves “mobilizing household funds”
and encouraging “active investment of savings in securities” [1, p. 58]. It embodies the
classic "buy and hold" philosophy, whose success relies on careful asset selection,
diversification, and confidence in the long-term upward trend of the market. While it
lacks the ability to hedge against market downturns, its simplicity, low cost, and long-
term effectiveness make it a core strategy for most individual and many institutional
investors. Rebalancing is also a common strategy used in long-term investing, aiming
to mitigate the additional risk associated with weight drift. The practical adoption of
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rebalancing is further supported by digital investment services; such tools “lower the
entry threshold for clients in the investment market” [2, p. 132] and make it possible to
“balance the client’s accounts by automating the calculation of security purchases and
sales” [2, p. 135]. In practice, investors often experience temporary premium returns on
long-only portfolios over the long term, often referred to as rebalancing Alpha [7]. For
example, during the 2008 financial crisis, investors who rebalanced during 2008
experienced a premium return due to a strong rebound in 2009 after a period of
sustained stock market decline [4; 8]. However, such premium returns are not frequent,
and whether rebalancing strategies can generate premium returns has been a major
research question for many scholars. Therefore, this paper analyzes whether
rebalancing strategies can generate premium returns for long-only portfolios based on a
mathematical approximation of rebalancing Alpha. The result can explain some of the
practical phenomena that investors encounter when applying rebalancing strategies to
long-only portfolios.

Long-only portfolios of two assets

A long-only portfolio generally involves buying a collection of stocks, bonds, or
other assets that investors believe will appreciate in value, then holding on to them and
waiting for them to rise. The long-only portfolio usually means that all assets have the
positive weights in the portfolio. First consider a long-only portfolio with two assets. A
common example is that investors will invest in stocks and bonds, such as the classic
60/40, which means that 60% of the assets will be held in stocks and the remaining
40% will be held in bonds [9]. Some investors allocate 60% of their funds to two stock
strategies, such as a multi-factor equity index ETF and a wide-moat quality equity
ETF. Others allocate 60% to two alternative strategies, such as a trend-following
managed futures ETF and a market-neutral long/short beta strategy ETF [3]. When the
portfolio has only two assets, the rebalancing Alpha can be simplified. Assume that
there are two assets in the portfolio with weights w; and w, respectively, and w; +
w, = 1. The volatility effect is shown as follows.
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P12 1s the correlation coefficient between two assets. The correlation coefficient is
between —1 and 1. When the correlation coefficient is —1, the volatility effect is the
maximum; When the correlation coefficient is 1, the volatility effect is the minimum.

Similarly, we can also calculate the value of return effect.
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Rebalancing Alpha = SWiw2 [(62+02 — 2p1,0105) — (M — 1)(g1 — g2)?]
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We define a variable in the above formula as statistic £7_,.
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Therefore, it can be clearly seen that the positive or negative rebalancing Alpha is
related to the size of £;_,. When the absolute value of the statistic £;_, is less than 1,
the rebalancing Alpha is positive; When the absolute value of the statistic £;_, is
greater than 1, the rebalancing Alpha is negative; When the absolute value of the
statistic is equal to 1, the rebalancing Alpha is zero, which means that the geometric
mean returns on the two assets are the same, and the incremental value of portfolio
rebalancing reaches its maximum.

Rebalancing Alpha can also be approximated by the following formula.

1
Rebalancing Alpha = =wyw,[(02+0% — 2p1,0,05) — (M — 1)(g1 — g2)?]
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U1_» is the premium of asset A; relative to asset A,. Assume that the difference in
the returns of the two assets follows a normal distribution and is independently
distributed in different periods. The expectation of the sample mean is the population

. .1 . .
mean, and the variance of the sample mean is - of the population variance. Then we
can get that the sample mean also follows a normal distribution.
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The sample variance follows a chi-square distribution.
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Rebalancing Alpha can therefore be rewritten as follows.
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T2 ,(8) is a non-central t-distribution with M — 1 degrees of freedom, and its non-
centrality parameter is shown as follows.
My, _,

01-2

o=

Therefore, the probability of rebalancing Alpha being positive can be obtained from
the probability of —1 < Ty,_1(6) < 1.

The probability of positive rebalancing Alpha when the expected returns of two assets are the same.
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Figure 1. The relationship between the probability of positive rebalancing Alpha
and the investment period M when the expected returns of two assets are the same

It can be observed in Figure 1 that the probability of a positive rebalancing alpha is
related to the investment horizon. When the non-centrality parameter is 0, the expected
returns of the two assets are the same. The longer the investment horizon, the greater
the probability of a positive rebalancing Alpha. However, the probability of a positive
rebalancing Alpha reaches a maximum of 0.68 at an investment horizon of
approximately 50 and then reaches equilibrium.

Long-only portfolios in general form. The problem can be extended to the long-
only portfolios of multiple assets greater than two. The rebalancing Alpha of a long-
only portfolios in general form can be written as follows.

Rebalancing Alpha = e, — e,
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Similarly, we also have the following statistics £2 i
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Intuitively, the rebalancing Alpha of a portfolio is the sum of the rebalancing
Alphas of all different asset pairs. The probability that the portfolio rebalancing Alpha
is positive is the product of the probabilities that the rebalancing Alphas of all asset
pairs are positive. For a long-only portfolio, if the rebalancing Alphas of all asset pairs
are non-negative, then the rebalancing Alpha will be non-negative. Furthermore, if at
least one asset pair has a positive rebalancing Alpha, then the portfolio rebalancing
Alpha will be positive. If there are asset pairs with negative rebalancing Alpha,
investors can make the rebalancing Alpha in the portfolio positive by excluding these
asset pairs.

Based on the above theory, it can be concluded that the probability of a positive
rebalancing Alpha for a long-only portfolio is independent of the asset weights. For a
long-only portfolio, since all assets have positive weights, it is only needed to consider
the non-centrality parameter. We further constructed portfolios of equity and bills
based on historical research data. Global investors can expect an equity premium
(relative to bond) of around 5% on an arithmetic mean basis, which is similar to
Siegel‘s data [5; 10]. Following standard practice in finance literature, we obtain
volatility and correlation estimates from the Ibbotson SBBI database (Ibbotson &
Sinquefield, 1976). For the 1926-2022 period, US equity volatility was 19.8%, long-
term government bond volatility was 9.9%, and their correlation was 0.12 [6]. Based
on different investment periods M, we calculated the probability of a positive
rebalancing Alpha. The results are shown in Figure 2.

The probability that the rebalancing Alpha of an Equity-Bond portfolio is positive.
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Figure 2. The relationship between the probability that the rebalancing Alpha
of an Equity-Bond portfolio is positive and the investment period M
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The result of Figure 2 is completely different from Figure 1. The probability of a
positive rebalancing Alpha rises first, and reaches the maximum around the year of
five. However, it will reduce with the growing M. When M reaches 50, the probability
of a positive Alpha will be extremely less.

Conclusion

The probability of a positive rebalancing Alpha refers to the probability that a
portfolio will achieve premium returns through a rebalancing strategy. A positive
rebalancing Alpha is exactly what is expected, but in reality, it is a rare phenomenon.
Even if it exists, its existence is short-lived. Only under strict conditions will the
probability of a positive rebalancing Alpha in long-term investments not decrease. In
general, a long-only portfolio achieves premium returns. It is also difficult for a long-
only portfolio to achieve premium returns through rebalancing strategies. This requires
investors to construct an ideal portfolio to avoid asset pairs that cannot obtain premium
returns.
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AHanu3 MOTeHITHAIA CTPATeTHH pedaTaHCHPOBKH
JUTSI TIOJTyYCHUS TIPEMHUATBHON JJOXOTHOCTH
B MOPTQENSIX C UTMHHBIMY MO3UIHSIMH
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Annomayus. OCHOBHOY ENTBIO CTPATETUi pedalaHCHPOBKH B JTOJITOCPOYHOM MHBECTHPOBA-
HUH SIBIIETCS] CHIDKEHHE PHCKA, OJHAKO MHBECTOPHI TAKXKE PACCUUTHIBAIOT Ha TOITyYCHUE
n30BITOYHOMN, VI TIPEMHUATBHON, TOXOJHOCTH 3a CUET IMPUMEHEHUS CTpaTeTuil pedasaHch-
poBKH. B craTtbe aHamM3mMpyeTcs BEPOSTHOCTH IOJyYEHHS NPEMHATBHON TOXOJHOCTH OT
cTpateruii pebaJaHCHPOBKU C WCIONB30BAHHEM HCKIIOUNTENBHO «IJIHHHBIX)» MOpTQeneit
(long-only). [Inst orieHKH BepOSATHOCTH MOIYYEHHUS MPEMHUATBHON JOXOJIHOCTH HCHOIB3yET-
cs mokaszaTenb anbhbel pedamancupoBku (rebalancing Alpha). ITomoxurensHoe 3HaueHHE
anb(dbl peballaHCHPOBKH YKa3bIBACT HA CIIOCOOHOCTH CTpaTeruu peOaTaHCUPOBKU T'CHEPH-
pOBaTh MPEMHUANBHYIO HOXOAHOCTh. CIeIOBATEIBHO, YEM BBIIIC BEPOSATHOCTh MOJOKHUTEIb-
HOW anb(bl pedalaHCHPOBKH, TEM BBIIIC BEPOSTHOCTH MOJYYCHUS MPEMHUAIBLHON TOXOIHO-
CTH B pe3yjbTaTe NMPUMEHCHUs CTPATETMU peOaJaHCUPOBKU. B craThe paccMaTpuBaroTCs
KaK MpOCTasi ABYXaKTUBHAs MOJENb, TaK U 00001IcHHAs Moelb. [loka3aHo, yto yis long-
only moptdens, COCTOSMIEr0 U3 JBYX aKTUBOB, BEPOSTHOCTH IOJIOKUTEIBLHON anb(bl peda-
JAHCHPOBKH aIlIPOKCUMHUPYETCS t-pacupeaesieHreM ¢ YHCIOM CTereHel cBoboasl M-1, rae
M — WHBeCTHIIMOHHBIN Nlepro. B cirygae MHOTOakTHBHOTO long-only moprdens ansda pe-
OaaHCUPOBKH TIOPTdeENs MpeacraBisieTr coboil cymmy anbd pebamaHCHPOBKH BCEX BO3-
MOJKHBIX TIap aKTHBOB. BeposATHOCTH TOTO, UTO MOpTdenpHas anbha pedalaHCHPOBKH SIBIIS-
€TCsl TIOJIOKHUTENBHOM, paBHA MPOM3BEACHUIO BEPOATHOCTEH TOTO, UTO anb(bl pebanaHcH-
POBKH BCEX Map aKTUBOB IOJIOKUTEIBHBL. TakuMm 00pa3oM, YCIIOBHSI TOJYUCHUS TOI0XKH-
TENBHON anb(bl peOaTaHCUPOBKY SBISIOTCS BeChbMa JKECTKUMHU. J{ake MpU HaJHYUH MOJIO-
KHUTEIBHOH anb(bl peOallaHCHPOBKH €€ BEIUYMHA, KAaK MPABUIIO, OUYCHb MaJia, a MePUO e
CYyIIECTBOBaHMS — KpaiHE HEMPOJOJDKUTEINICH. DTO OOBSICHSICT, TOYEMY Ha MPAKTHKE HHBE-
CTOpaM CJI0XKHO IMOJIyYUTh MPEMHATIBHYIO JOXOIHOCTh C MOMOIIBID CTpPAaTeruil pedaiaHcH-
POBKH.

Kniouesvie cnosa: pebamancupyemsie noprdenu, long-only noprdenn, ansdpa pedamancu-
POBKH, CTpaTerny pedaraHCHPOBKH, TIPEMHUAIBHAS JOXOAHOCTb.
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